Abstract: An electrical power grid is a critical infrastructure. Its reliable, robust, and efficient operation inevitably depends on underlying telecommunication networks. In order to design an efficient communication scheme and examine the efficiency of any networked control architecture, we need to characterize statistically its information source, namely the power grid itself. In this paper we studied both the topological and electrical characteristics of power grid networks based on a number of synthetic and real-world power systems. We made several interesting discoveries: the power grids are sparsely connected and the average nodal degree is very stable regardless of network size; the nodal degrees distribution has exponential tails, which can be approximated with a shifted Geometric distribution; the algebraic connectivity scales as a power function of network size with the power index lying between that of one-dimensional and two-dimensional lattice; the line impedance has a heavy-tailed distribution, which can be captured quite accurately by a Double Pareto LogNormal distribution. Based on the discoveries mentioned above, we propose an algorithm that generates random power grids featuring the same topology and electrical characteristics we found from the real data.
with realistic electrical parameter settings. The traditional practice of using a small number of historical test systems (e.g. IEEE model systems) is no longer sufficient for our research. Therefore it is essential to have a statistical model for power networks both as a simulation tool to generate such power grid test cases, as well as possibly an analytical tool to grasp what class of communication network topologies need to match the underlying power networks, so that the provision of the network control problem can be done efficiently.
Previous Work and Our Contributions
Several other researchers noticed the similar needs to generate scalable-size power grid test cases. Different power grid models were proposed based on observed statistical characteristics. For example, Parashar and Thorp (2004) used Ring-structured power grids to study the pattern and speed of contingency or disturbance propagation. Carreras, Lynch, Dobson, and Newman (2002) used a Tree-structured power grid model to study power grid robustness and to detect critical points and transitions in the transmission network. Both the models provided interesting perspectives to power grid characteristics.
The work from Watts and Strogatz (1998) in the context of their work on random graphs first proposed statistically modeling the power grid as a small-world network.
What our work adds to the literature is a comprehensive study of all the topological as well as electrical features of the network, which clarifies and fills gaps left by previous work on the subject. We utilize our findings to provide a simulation platform that generates realistic power grids and that can aid in the evaluation of networked control protocols (see Section 5).
Our main findings are as follows: the nodal degrees follow a Poisson or shifted Geometric distribution, that is nearly invariant with respect to the network size; the algebraic connectivity has a very special scaling property, following 2 ∝ −1.376 ∼ −1.088 , where is the network size; the distribution of line impedances is heavy-tailed.
The rest of the paper is organized as follows: Section 2 discusses system model for power grid network; Section 3 and 4 present our study results on the topological and electrical characteristics of realistic power grids; Section 5 describes in details the model of RT-nested-Smallworld; and Section 6 concludes the paper.
SYSTEM MODEL
The power network dynamics are controlled by its network admittance matrix and by power generation distribution and load settings. The generation and load settings can take relatively independent probabilistic models, and have been discussed in our last paper [Wang, Thomas, and Scaglione (2008) ]. Here in this work we mainly focus on the network admittance matrix, which is defined as:
It has two components: the line impedance and the line admittance matrix . If the network has nodes, links, its line admittance matrix , with the size of × , can be written as : , = 1 , = −1 , = 0, with ≠ , or (2) if t-th link is from node i to node j The Laplacian matrix can be obtained as =
TOPOLOGICAL CHARACTERISTICS OF POWER GRIDS
A number of researchers have studied the statistical properties of the topology of an electrical grid, e.g. Watts and Strogatz (1998), Newman (2003) , Whitney and Alderson (2006) , et al. The metrics they studied include some basic ones, such as network size , the total number of links , average nodal degree , average shortest path length in hops , etc, and more complex ones, such as the ratio of nodes with larger nodal degrees than , < , and the Pearson coefficient  [introduced by Francis Galton in the 1880s, and named after Karl Pearson, see Rodgers and Nicewander (1988) ]. Whitney and Alderson (2006) proposed to use the Pearson coefficient to distinguish technological networks and social networks. All the metrics mentioned above in fact can be deduced from the graph Laplacian. 
Topological Characteristics

Nodal Degree Distribution
Sole, Rosas-Casals, Corominas-Murtra, and Valverde studied the robustness of European power grids under intentional attacks in 2007 and concluded that European power grids are sparsely connected with global average nodal degree of = 2.8 and the nodal degree distribution is exponential: the probability of having a node linked to other nodes is = exp − / , with the constant = . In this work we also examined the empirical distribution of nodal degrees = in the available real-world power grids. Fig. 1 shows the histogram probability density function (PDF) in log-scale for the nodal degrees of NYISO system. There obviously exists a straight line in the semi-log plot except the beginning part with small nodal degree (e.g. degree of 1 or 2), which implies underlying shifted Geometric distribution.
Wiring the Network
The Small-world model, proposed by Watts and Strogatz (1998) , is generated starting from a regular ring lattice, then by a small probability, rewiring some local links to an arbitrary node chosen uniformly at random in the entire network. A tool to visually highlight small-world topologies is the Kirk graph, which was proposed by J. Kirk (2007) : First, node numbers are assigned according to physical nodal adjacency, that is, physically closely located nodes are given close numbers; then all the nodes are sequentially and evenly spread around a circle and links between nodes are drawn as straight lines inside the circle. Fig. 2 below shows three representative network topologies, using Kirk graphs, of an Erdӧs-Rényi Rand-graph network [Erdős and Rényi (1959) ], of a Watts-Strogatz Small-world network, and of a realistic power grid --IEEE-57 network. The three networks have same network size and almost same total number of links.
Fig. 1 Empirical PDF of Nodal Degrees in Real-world Power
Grids (NYISO)
One can easily notice the topology difference between the Erdӧs-Rényi network and IEEE-57 network while observing as well a good degree of similarity between the Watts and Strogatz small-world model and the test power network.
The figure also shows that the rewiring of the test power grid is not independent, as in that of Watts and Strogatz smallworld model; instead, long hauls appear over clusters of nodes. One property of the IEEE 57 network that is visually noticeable, and that differentiates it from the small-world graph, is the fact that the nodes that are rewired appear to be in clusters, rather than being chosen independently. This fact has an intuitive explanation: long hauls require having a right of way to deploy a long connection and it is highly likely that the long wires will reuse part of this space. These physical and economical constraints inevitably affect the structure of the topology.
However, there is more than what meets the eyes. In our study we found that the Small-world model proposed by Watts and Strogatz has scaling property that cannot be validated by power grid topologies, precisely because the average nodal degree of a power network is almost invariant to the size of the network. Given a network size with its specified average nodal degree, the model cannot produce a connected power grid topologies for reasonably large network sizes using realistic power grid degree distributions. The main reason for the poor scaling lies in the fact that in order to produce a connected topology, the Watts and Strogatz Smallworld model requires ≪ ≪
As we previously pointed out, power grids have very stable and low average nodal degree distribution with = 2~3 4~5, regardless of the network size. This limits the network size to be no greater than 30 or 300 in order to produce a connected topology. In the real world, large power grids are connected even if they are much sparser than what is required by Watts-Strogatz Small-world model to produce a connected topology.
Fig. 2. Topology Comparison Using Kirk Graph
Connectivity Scaling Property
In this paper our strategy for evaluating how well the models capture the topological features of the sample networks are based on two main characteristics: the nodal degree distribution = and the algebraic connectivity 2 , where L represents the Laplacian matrix of the network. The algebraic connectivity 2 or Fiedler eigenvalue, introduced by Fiedler (1989) , is the second (a) Erdӧs-Rényi Network smallest eigenvalue of the Laplacian and it reflects how well a network is connected and how fast information data can be shared across the network. If the algebraic connectivity 2 ( ) is close to zero, the network is close to being disconnected. Otherwise, if 2 ( ) tends to be 1, where is a normalized constant related with network size, the network tends to be fully connected. Table 2 shows the algebraic connectivity of IEEE model systems and the NYISO system. Fig. 3 plots scaling curve of power grid versus network size and compares it with that of 1-Dimensional and 2-Dimensional lattices. For 1-D lattice, its connectivity scales as 2 ∝ −2 ; for 2-D lattice , its connectivity grows as 2 ∝ −1 ; interestingly, for power grids, its connectivity grows as 2 ∝ −1.376 ∼ −1.088 , lying between those of 1-D lattice and 2-D lattice. In trying to fit the random wiring of power network we postulated a new possible model, RT-nested-Smallworld. The model is resulted from nesting several "small world" subnetworks, whose size is likely to produce a connected topology with a realistic degree distribution, into a regular lattice again as shown in Fig. 4 . This model is presented with more details in Section 5. The intuition guiding our modeling was that the network would have produced connected topologies with a connectivity that was intermediate between the 1 and 2 dimensional lattices. As shown in Fig. 3 , there is an excellent match between the algebraic connectivity of this type of model and the real data.
ELECTRICAL CHARACTERISTICS
Another observation that guided our work and distinguishes our contribution from the referenced ones above is as follows: rather than focusing only on the network topology of power grid, we have made efforts aiming at reproducing accurately its electrical characteristics as well. One key element for a power grid network is its network admittance matrix , which can be expressed as a function of network connectivity matrix and line impedances. The topology and electrical characteristics of any power grid can be deduced from or closely related with them. Therefore our proposed power grid models include components which assign transmission line impedances according to specific distributions. We are not aware of other research effort to model the line impedances.
The data on line impedances of power grids we used are again from IEEE model systems and the NYISO system. The first clear observation from the empirical histogram probability density distribution (PDF) is that the distribution of the line impedances is heavy tailed.
In searching among the heavy tailed distributions for a fit, we estimated via the maximum likelihood (ML) criterion the parameters of the candidate distribution from the data and used the appropriately modified Kolmogorov-Smirnov test (K-S test) to check if the hypothesized distribution was a good fit. The candidate distribution functions include Gamma, Generalized Pareto (GP), Lognormal, Double-ParetoLognormal (DPLN), and two new distributions that we call Lognormal-clip, and DPLN-clip, which will be explained later.
The DPLN distribution was introduced by Reed and Jorgensen (2004) , which proved to be very useful to model the size distributions of various phenomena, like incomes and earnings, human settlement sizes, etc. We applied the DPLN distribution to fit the line impedances of power grids because the latter implicitly relate to human settlement size in the network. Generally speaking, long-distance lines tend to interconnect large generation or load centers; long-distance lines usually exhibit large line impedance while large generation or load centers coincide with dense human settlements.
The Lognormal-clip and DPLN-clip are especially suited for fitting the NYISO data because the line impedances in this system appear to approximate a Lognormal or DPLN distribution very well except for having an interrupted tail, which is captured by the clipping. Therefore we assume the NYISO data is resulted from some original impedance data being "clipped" by an exponential cutoff tailing coefficient. That is, given the original impedance data following a specific distribution, ~( ), the clipped impedance data is
with max being the cutoff threshold.
We believe that the introduction of the clipping mechanism is reasonable. Since in real-world power grids, transmission lines are limited in length and correspondingly in the line impedance which is proportional to the length; due to the expensive right of way cost plus the high construction and maintenance cost. 
where , , = ( + 2 2 2 )
Lognormal-clip:
DPLN-clip:
With the ML parameter estimates from each candidate distribution function, K-S tests are run to pick the distribution which gives the best K-S test result. Table 3 shows the bestfitting distribution function with the corresponding ML parameter estimates. Fig. 5 compares the empirical PDFs and CDFs (in logarithm scales) with those from best-fitting distribution function for the system of NYSIO.
It also seems to agree with the topological properties of the graph, and it is reasonable to consider these heavy weight impedances as good candidates for line impedances of the links that are rewired in the small world islands, as well as the ones connecting difference islands in our Nested-Smallworld model. 
GENERATION OF RANDOM TEST NETWORKS
In this section we present a new random topology power grid model, RT-nested-Smallworld. This model constructs a large scale power grid using a hierarchical way: first form connected sub-networks with size limited by the connectivity requirement indicated by equation (4); then connect the subnetworks through lattice connections; finally, generate the line impedances from some specific distribution and assign them to the links in the topology network. The hierarchy in the model is aroused from observation of real-world power grids: usually a large scale system consists of a number of smallersize subsystem (e.g. control zones), which are interconnected by sparse and important tie lines. The model mainly contains three components: (a) clusterSmallWorld sub-network, (b) Lattice-connections, and (c) Generation and assignment of line impedances; which will be respectively described in details in following subsections.
clusterSmallWorld sub-Network
As mentioned in the previous section, power grid topology has "small-world" characteristics; it is sparsely connected with quite low and stable average nodal degree regardless of its network size. On the other side, in order for a small-world model to generate a connected topology, the network size has to be limited as in (4).
Therefore the first step of this new model is to select the size of sub-networks according to connectivity limitation. Then a topology is built up through a modified small-world model, called clusterSmallWorld. This model is different from WattsStrogatz SmallWorld model in two aspects: the link selection and the link rewires. That is, instead of selecting links to connect most immediate /2 neighbors to form a regular lattice, our model selects a number of links at random from local neighborhood, 0 , where comes from a Poisson or shifted Geometric distribution. The local neighborhood 0 is defined as the group of close-by nodes with mutual node number difference less than the threshold 0 , that is, 0 = { ; − < 0 }. For the link rewires, Watts-Strogatz Smallworld model selects a small portion of the links to rewire to an arbitrary node chosen at random in the entire network to make it a small-world topology. Our clusterSmallWorld model uses a Markov chain with transition probabilities of ( , ), as shown in the below figure, to select and decide clusters of nodes and therefore links to be rewired. This mechanism is in order to capture the correlation among the rewired links.
After running the Markov transition as above for N times (i.e., for each node in the system according to the node number sequence), we get clusters of "0"s and "1"s. Then by a specific rewiring probability , the rewires are selected from the links originating from the group of 1-clusters and the local links get rewired to outside 1-clusters. The average cluster size for rewiring nodes is = 1 ; and the steadystate probabilities are 0 = + , 1 = + . Experiments are performed on available real-world power grid data to estimate the parameters. 
Lattice-connections
In this step lattice-connections are selected at random from neighboring sub-networks to form a whole large scale power grid network, as shown in Fig. 4 . The number of latticeconnections between neighboring sub-networks is chosen to be an integer around .
Generation and Assignment of Line Impedances
In this part a number, , of line impedances are generated from a specified heavy-tailed distribution, and then sorted by magnitude and group into local links, rewire links and latticeconnection links according to corresponding portions, as shown in Fig.7 . Finally line impedances in each group are assigned at random to the corresponding group of links in the topology. In this work we have studied both topological and electrical characteristics of electric power grids. Our findings conclude that power grids are sparsely connected with "small-world" characteristic and its associated "small-world" rewires usually happen with correlation in clusters; its nodal degrees follow a Poisson distribution or shifted Geometric distribution; its algebraic connectivity scales as a specific power function of network size; and its line impedances have a heavy-tailed distribution. A novel random topology power grid model, RTnested-Smallworld, is proposed to capture the observed characteristics. This model is effective for generating a large number of power grid test cases with scalable network size, realistic topologies, and realistic electrical parameter settings. And it should become a useful tool for studying new networked control schemes in power grids under communication constraints.
